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We consider the classical continuous Widom and Rowlinson model. We
follow the general method for describing metastable states proposed by
Penrose and Lebowitz. Suitably restricting the set of the allowed configura-
tions, we construct a nonequilibrium state describing a pure phase. Start-
ing from the natural time evolution of the system, we rigorously prove
that when both the activities are sufficiently large and close enough to-
gether, the relaxation time per unit volume can be made very large.
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1. INTRODUCTION

A large class of systems undergoing phase transitions exhibits the phenom-
enon of metastability. The relevant experimental evidence shows that, given
a system in a state within the range of the thermodynamic parameters where
different phases are in stable equilibrium with each other, it is possible, by
suitable transformations, to reach nonequilibrium states that can be pre-
served for a time sufficient to allow the measurement of these thermodynamic
parameters. The main features of these states are the following:

la. Only one thermodynamic phase is present.

1b. A system that starts in this state is likely to take a long time to
get out of it.

Ic. Once the system has gotten out, is unlikely to return.

Nucleation theory™ gives a picture both suggestive and physically
sound of metastability, but its quantitative predictions, based on the droplet
model and on suitable approximation of a highly nonlinear set of kinetic
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equations, are not satisfactory® and a rigorous treatment would be very
useful also from a phenomenological point of view.

In the van der Waals model of liquid-vapor transitions the static proper-
ties of a metastable state can be obtained, extrapolating the free energy from
the nearby one-phase states. But this theory does not satisfy the general
principles of statistical mechanics and any attempt to extrapolate from
stable to metastable states for more realistic systems has to face the lack of
information about the analytic structure of the free energy near the critical
boundary. For instance, the existence of a singularity in this region for short-
range potentials suggested by a general theorem of Lanford and Ruelle®
seems to deny the very existence of such states and would in any case make
any extrapolation very hard.

In this connection Fisher® has investigated the analytic properties of
the free energy in the droplet model, showing that, in this case, a singularity
is actually present, forbidding any real analytic continuation. Langer® was
able to get around this difficulty by an analytic continuation whose real
part can be interpreted as the free energy of the metastable state, But again
the droplet model is not a rigorous model and furthermore, due to the very
nature of the approximations involved in the definition of the model, a
direct dynamical analysis, the only way to check the reliability of these
states as metastable states, is impossible.

In this conmection it is worth mentioning a recent paper by Binder®™
where the “static” analysis of the Ising model in terms of clusters is implemen-
ted from a dynamical point of view by computer simulations.

A fundamental step forward was made in 1971 by Penrose and Lebowitz®
(PL), who proposed a general method for describing metastable states in
statistical mechanics.

They start from what is expected on physical grounds from a meta-
stable state and give a prescription for making these notions precise. Given a
finite system K and calling the set of its possible configurations S, the prob-
lem is to find a subset R of § such that, if we restrict the allowed configura-
tions of our system as f = 0 to R and assume for them the corresponding
weights of the Gibbs distribution at equilibrium, then for suitable values of
the thermodynamical parameters (i) condition (1a) is satisfied, (ii) the con-
ditional probability P(¢) that the system at time ¢ is in a configuration not
contained in R is small, and (iii) the relative weight of the configurations
contained in R is negligible at equilibrium. In this approach for the first
time both the “static’” and the dynamical aspects of the problem are coupled
in a rigorous way, and, by a simple argument based on the Liouville theo-
rem, the estimate of the relaxation time can be performed without handling
the highly nonlinear set of differential equation that any previous approach
was forced to deal with.
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In their paper PL are able to perform the calculations only for a very
special class of potentials (the Kac potentials) in the so-called van der Waals
1imit where the actual interaction is equivalent to a “mean field.” By analytic
continuation they get a class of states whose relaxation times go to infinity
with the volume. The extension of these results to short-range force systems
is by no means trivial. The connection between the range of the forces and
analytic properties is expected to reflect an actual difference in the mechan-
ism underlying the condensation phenomena.®* %7

In a previous paper® we have studied in the framework of the PL
approach a short-range force system: Considering a two-dimensional Ising
ferromagnet with (+) boundary conditions and negative external field and
assuming the dynamics of a Markovian process, we constructed, suitably
restricting the configurations at ¢ = 0, a nonequilibrium state with positive
magnetization such that when the temperature is sufficiently low (i) only
one phase is present, and (ii) the relaxation time per unit volume is finite and
can be made very large. This extension of the PL approach to short-range
force systems was made possible by the very powerful analysis of the rele-
vant configurations of the Ising system in terms of contours made by Minlos
and Sinai.®

In the present paper we use a similar technique to study a short-range
continuous system—the Widom-Rowlinson model—and we show that the
results and their physical interpretation are the same as those previously
obtained for the Ising model in spite of the different symmetries and dynamics
involved.

In Section 2 we define the model and briefly sketch and discuss a geo-
metrical description of the configurations.®?

In Section 3 we define the subset of configurations R (our candidate for
the metastable state) and discuss the *““static” properties of our state. Sec-
tion 4 is devoted to the evaluation of the relaxation time: We define, follow-
ing PL, the escape rate (i.e., the probability per unit time for the configura-
tions of the system to move out of R) and work out a rigorous upper bound
for it.

In Appendices A, B, and C some useful bounds are derived. In Appendix
D we check that our candidate for the metastable state is “far away” from
the actual equilibrium state.

2. THE MODEL

The Widom-~Rowlinson (WR) model? is a classical continuous model
with two kind of particles, 4 and B, in which there is a hard-core repulsion
of range r between unlike particles and no interaction between like particles.
The activities z, and z; and the range r are the only parameters of the model.
The physical relevance of this model relies on two facts: (1) its behavior, at
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least as far as symmetry properties are concerned, is very similar to that of
a real fluid,® and (2) it is the only continuous model with short-range forces
for which the existence of a phase transition is rigorously proven.®?

In fact, Ruelle, associating classes of A-B particle configuration to
polygons (contours) on a lattice, was able to prove, for suitable boundary
conditions, the coexistence of an 4-rich phase and a B-rich one.

This section mainly contains a modification of the geometrical descrip-
tion introduced by Ruelle that allows us to transfer to the WR model the
results obtained by Minlos and Sinai for the Ising model.

A nice feature of this approach, both in the Ising and in the WR model,
is that the introduction of these contours, far from being a purely technical
device, allows a more clear and intuitive picture of the microscopic distribu-
tion of these particles at equilibrium, giving rise, so to say, to a rigorous
version of the droplet model.

Following Ruelle, we introduce a square lattice of d x d squares with
d = r/(34/2), so that r is the diagonal of a 3d x 3d square. Our box A is a
rectangle containing N = |A|d x d squares. We introduce the boundary
condition that the strip composed of the first four squares adjacent to the
boundary of A cannot contain B particles (4-boundary conditions). If we
consider now an arbitrary configuration in A (consistent with the above
boundary conditions) and shade all 3d x 3d squares, centered on the small
squares containing at least one B particle, the boundary of the union of
the shaded areas will be a polygon of various edge “self-avoiding” closed
contours.

Among all these contours we will consider the outer ones (i.e., those
not embraced by any other contour). We define a chain y as the smallest
set of outer contours such that if two outer contours have a distance less
than 8r/(34/2), they belong to the same chain.

We further say that two chains are compatible if they can be found in
the same configuration as disjoint chains.

Given a chain v, we will call ®(y) the (generally disconnected) region
that has y as boundary. ®(y) will be the region obtained by adding to ©(y)
a strip that contains all the square at a distance less than r from the small
squares inside but not touching the outer contours belonging to y, allowed
to contain B particles.

It is easy to see™® that we can write the grand partition function in
the following way:

!

=(A) = w500 £ 4 1
BN = D [ ==25 5w (1)
e 1 Eo(O())
3 If the 8 particles are invisible, the resulting system of A particles yields a model for
liquid-vapor transition. In this case z, and z; are related to the temperature and the
chemical potential of the system.
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where the primed sum is over all the collections {y,,..., v} of compatible
chains in A, i(@(-y)) is the grand partition sum over all the 4B particle
configurations in ®(y) compatible with the presence of the chain y; and
Zo(+) is the partition sum of a free gas of A particles (we omit the explicit
dependence of E on z, and z; unless it is necessary). The nice feature of
Eq. (1) is that each contribution to the sum is factorized and each factor is
related to a different region of the volume A.

Noting now that the probability of finding a given set of chains
Y1s Ya,---» ¥m 101 @ configuration is

NI = = LA
PA('}’1 seens ')’m) = H(A) m;ym Ui EQ(@(%)) ‘-‘O(A) (2)

where >’ extends over all the collections of compatible chains containing
Y15 Yasr-s ¥ms it can be shown that®® when z, = z; = z is large enough

PaY15es Ym) < eXp(—oC i Iwi) )

1

where |y is the total length in units d of the contours belonging to y;, and
o = zR?/72. That is, the higher the activity, the lower the probability of a
given chain; or, better, the small chains are the most relevant objects in the
high-activity region. If we recall the class of 4-B particles associated with a
chain or a given set of chains, the picture of our system in the high-activity
region will look like a large sea of A particles with small and rare, uniformly
distributed “islands” of B particles.

The picture not only is in agreement, as it should be, with the existence
of a phase transition and the breaking of symmetry due to the boundary
condition, but it actually gives a detailed account of the microscopic struc-
ture of a pure A-rich phase, singling out the most relevant classes of con-
figurations.

To conclude this section, we want to stress that the analysis of these
systems in terms of contours goes far beyond this point. The probabilities
defined by Eq. (2) satisfy a set of integral equations,®*® 3 la Kirkwood-
Saltzburg,*® and when the activity is sufficiently high, it is possible, by
standard techniques,®*® to get for these objects analyticity and cluster
properties and to check that the system under these conditions is restricted
to a single phase.

All the previous arguments can obviously be inverted (4 «-» B) when on
the boundaries of the volume A we have B particles instead of A particles
and the same formalism will describe the B-rich phase.
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We start recalling that the very simple and appealing picture given in
the previous section arises from Eq. (3) only when z, = zp = z is very high
and far beyond the critical value. With lower z the picture gets more compli-
cated; for instance, longer chains are not negligible any more: The approach
of the critical point is heralded by larger and larger droplets of the opposite
phase and influence the convergence properties of the coupled set of integral
equations.

A similar and even more dramatic phenomenon should be expected
far away from the critical point, when, given, for instance, 4-boundary
conditions, zz > z, > z,y. In fact, increasing zy, we break the symmetry
between A4 and B particles all over the volume A, giving rise to a volume
effect, opposite to the boundary condition, that naturally leads in the infinite-
volume limit to a B-rich pure phase.

In this case Eq. (3) is modified and we get (cf. Appendix A)

p(y) < exp(—aly] + hz,123|6(»))) @)

where 4 = In(zy/z,) and I@(y)] denotes the number of squares in ®(y).

The positive volume term in the exponent enhances the weight of large-
area droplets and we actually get as an upper bound for the probability of
a chain of area ¢® the well-known formula discussed by Fisher® in the
droplet model. With this in mind it is easy to convince ourselves that to
keep the system in a pure A4-rich phase when z; > z, it is at least necessary
to eliminate all the configurations that give rise to chains that are “too
large.”

We think worth mentioning that the *“‘droplets” we are dealing with
(the chains) come out naturally from our geometrical description and any
discrimination against configurations associated with droplets of a given
size is a well-defined procedure not involving a priori or a posteriori modifica-
tion of the exact model we started with.

Calling {y}, the collection of outer contours associated with the A-B
particle configuration %, we define

Ry ={n: [0@)] < Vyelyh} ©)
and eventually define a state by the following probability density:
Kz amzlsm n€R,
P =
A() {O, TeR. ©

where K is a normalization constant.

At this stage ¢? is completely arbitrary, but we expect the metastability
requirement listed in the introduction to pin down some sort of “critical
size” of the droplets.
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The first condition amounts to requiring that our state is a pure A-rich
phase.

It is possible to show™® that the investigation of the static properties
of the state described by Eq. (3) goes exactly along the same lines as that
of the equilibrium state provided the upper bound given by Eq. (B.1) of
Appendix B is used. In other words, our state exhibits the same microscopic
picture given in Section 2 typical of a pure A-rich phase provided that
1 — 123k¢ > O [h = In(zp/z,4)] and z,4 is sufficiently high (cf. Appendix B).
Therefore, given the value of z, and zz, we get the following upper bound
for c:

¢ < 1/123h = 1/[123 In(zz/24)] Q)

Following Penrose and Lebowitz,®® we call P(¢) the conditional prob-
ability that the system, being in R at ¢t = 0, has escaped by the time 7. A
simple argument based on the Liouville theorem shows that dP(¢)/dt has its
maximal value at ¢z = 0, so it is natural to define the escape rate as

dP(t) . P(8t)
V=G = i s ®
In order to evaluate an upper bound to A, we need to estimate the probability
for the system to leave R during the time interval [0, 5¢].

Let us introduce some more definitions. Given a chain y, we define its
‘““‘interior boundary” to be the boundary of the region consisting of all the
small squares that are inside y but not touching it (i.e., the small squares in
®(y) that may contain B particles). We call the “critical boundary” of an
A- B configuration 7 € R the (possibly empty) set of all d-segments belonging
to the union of the ““interior boundaries™ of the chains associated with »
such that if a B particle crosses one of these segments, the resulting configura-
tion does not belong to R any more. The simplest example is given by a
chain composed of a unique square contour of side c.

In this case the “interior boundary” of ¥ contains as subsets the ““critical
boundaries” of all the configurations with outer contour y.

Consider the event E, defined in this way: a B particle is approaching
a given d-segment b at a distance less than 8¢ times its component v, of
velocity perpendicular to b.

Call F, the following event: at time zero the configuration of the system
has a nonempty critical boundary which contains 5. Then

P(31) = > prob(E,, F;) + O(8%) )
bed
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where prob(E,, F,) is the joint probability evaluated in the restricted ensemble
of E, and F, together. & is the set of all #’s in A that can be crossed by a
B particle. The number of such 5’s is bounded from above by |A|. Here
0(8t%) is the contribution to P(8t) of all the events that involve more than
one particle.®

If a configuration 7 satisfies the condition stated in the definition of
F,, then, among the chains associated with 7, there must exist a set of chains
() = {y1,..., y»} near b that, after the B particle has crossed b, join together
to form a new chain of area > ¢?.

Of course one of these chains, say y;, contains & in its interior boundary
{The example mentioned before corresponds to v = 1.}

We can write

P(31) = > ), ee(Fh) @ [ entrn rm e 0)
ba,% 71 .....
where the second sum is over all the above-mentioned sets of chains (y), =
Yiseen ¥y and A4 is the normalization factor of the Maxwell distribution.
A is the rectangle b x v 8¢ and ps™(yy,..., y,; ¥) dr is the joint probability,
in the restricted ensemble, of finding the chains y,,..., », in A and a B par-
ticle in the volume dr near r. So we have

A = lim sup 21

Gt—=0 8

Z fdpr (yls 97"vs f) (}.I)

.....

where ¢ = (2xfm)*/? is a kinetic factor and £ is a generic point of b.
From Appendix C we see that

PAR(}’ZL seees Vos ‘f)

< 23 exp[lZl(zA + 25) d? — ol — 123hc)(2 v — 121)} (12)

where o = z,d%/4. Then we obtain

A< [Alpdzgexpll21(z + zp)d? + (1 — 123h¢)121]

x > exp[—-a(l—123h6)§ilyi!] (13)

{V15eees Yy}

Now from the definition of the sets y,,..., v, that appear in Eq. (13) we
see that

v

Dilvl =4 =22 > 4(c - 1)

1
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The number of events characterized by the presence of one of these sets
of chains y,,..., y, with

v

Zilnl =2

1
is at most 17-19.3%. (This can be shown by a slight modification of the
argument contained in Ref. 12.)
So we eventually obtain
A < |Alg dzg expl(zy + 2zp)121d? + (1 — 123hc)121]
x 17-19-27y% -t exple(l — hcl23)4]
x {exp[—a{dc — 4hc?123]}/{1 — exp[—o(l — 123hc) — 3 In 312}

(14)
Then, when 2[a(l — 123khc) — 3 In 3] is greater than In 2 we can write
MIA| < G(zy, zp) expl—4dcu(zy, z5) + Pv(z4, 28)] (15)

where
G(z,4, z5) = @ dzg exp[121d%(z4 + zp) + 125«]17-19-2/27
du(z,, zp) = (123-125-h + 4)e — 31n 3 (16)
(24, zp) = 4h-12]«

We recall that o = z,d%/4 and h = In(zz/z,).
By minimizing with respect to ¢, we get

MA| < G(z,4, zg) exp(—4u?[v)

This bound, as expected, is an exponentially decreasing function of
z, when h is sufficiently small.

We can then conclude that, at least when the activities of the two species
of particles are both sufficiently high but close enough together, the relaxa-
tion time can be made very large.

As far as a purely theoretical statement is concerned, this would con-
clude the story, but if we try to get figures out of Eq. (17), the actual values
of the activities come out extremely large and the range of metastability
very narrow. Whether this is due to the estimates that we have performed
or whether it is an actual feature of our candidate for the metastable state
is still an open question.

APPENDIX A

In this appendix we will give estimates for the density of B particles
We will find a relation between the average number {n;>, of B particles in
a volume A and the average number {s), of d x d squares occupied by B
particles.
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These estimates will still hold if we impose additional conditions on
the configurations (such as the A-boundary condition or the restriction to R
of the set of allowed configurations). We have

ey = D P(s)Xnp)s (A1)

{s}
where s = s4,..., 5, i3 a “configuration” of occupied squares. The primed
sum runs over all the allowed sets {s}. (For instance, if we have to evaluate
{npy% 4, namely the average number of B particles in the restricted ensemble
with A-boundary conditions, then the sum is over all s compatible with these
boundary conditions).

P(s) is the probability of the set of all allowed 4-B configurations that
give rise to s, and {nz), is the average number of B particles in | T\, s; with the
condition that every s; is occupied by at least one B particle and every square
not in the set s contains no B particle. We have

(npy, = [ZM an ZZAngananA dY,, WdX.,, na)]
0

|3

where (X,,, Y,,) stands for an AB particle configuration

@

-1
nA zﬂa ZZAZEB f dX"‘A dYﬂB W( ng nB)] (A2)
0

dx, dx, v oed
X1y Xgseiny an,ylsyZa"-,yngs anA = —JWA’ de;: yln—B!yn—E
and
m
W, = WX, Y)[Hk L Y)][l Lol (A3)
1

where W(X, Y) = 0 if the hard core exclusion is violated by (X, Y) and =1
otherwise.

I(Y) = Ig(y1,..., ¥np) = 1if at least one of the y; lies in the volume Q;
=0 otherwise.

Writing Y\y,, for the B-particle configuration, y,,..., y»,—1, the follow-
ing identity holds:

1‘1 L(Y) = 1’L (T
+3, {H (YLl — I( Y\ynﬁn} (A4

We write the numerator in Eq. (A.2) as

@ ©

Zp 2”‘4 zna ZEAZgB denA dYnB Ws(xl seres an: Yseens ynga yﬂ3+1)
(A.S5)
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and decompose W, into the two terms suggested by the identity (A.4), using
the inequality

W(xl 3eses xn,u yl seevs yTLB! ynB-Pl) < W(xl greey x?zé; yl saves ynB)
and noting that the range of any variable y; is md?, we have

{npys € md®zp + zB zhazls fd LAY, WX, Y)}
@ -
x [}: zﬂ Ziuzge f dX,, dY,, WX, Y)} (A.6)
0 4]

where W,'(X, ¥) [see Eq. (A.4)] is such that

m
Wsl(xl geven an; yl steey J’n3+1) < Z Wst(xlﬂ"" an; yla---; yng)Is((ynB'f-l)
1

with s; obtained by removing the square i from s. Inequality (A.6) then
becomes

{npps < md2zB(1 + maxé ) (A7)
where
z.=2,, 2, e f dX,, dY,, WX, Y) (A5)

and similarly for Z,,.
Now we are left to the problem of evaluating such a maximum. Writing
g for the 11d x 11d square centered at the small square s, it is evident that

® w© ZM4 Zhp
222, 5 BB anedn, [ dyedi, WX Y)

171
5240 Zr Jigny U Ples)

-
o o o0 n P 1
Zhaz Pz
=22 | dned,
AT T A P B Javgna PP

S J Ayp i1 dyp Wsi(nyIH»Is--'a Yo+
LUk #isel

(A9
Then we obtain

@K

[eXp(Zde) _ 1] ZM z ZAA ng

3 nE”A'”B

« f dxy - dx,, j dyy--dya, WX, T) (A.10)
A\gna
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Considering now Z,, we have
] 0 o0
z,t Zhs
Zs — A ]
‘ gogzﬂp' 1Y !

x f dx, - ds, f dtysiodiyer | dyrodys, Wo(X, V)
g? A\t AbB

(A.1D)
Then, using the inequality

WSg(xl}"‘} Xps Xp+1seens xp+l; Y) < Ws;(xp-{»la---; Xp+1s Y)

we obtain

o0

Z,, = exp(z,121d%) > 2 Zis 25

5 ng nA' nB
x J' dxy - dx,, j dysdy, Wo(X, Y)  (A12)
A\pra AnB

Then by (A.7) we obtain the required relations

Z./Zs < exp(121d2z,)/(exp d?z5 — 1) (A.13)
and
npys S zZpd®ml + exp(121d2z,)/(exp d%z5 — 1)] (A.14)

In order to get a good estimate from Eq. (A.14), we use the FKG inequali-
ties.*® Noting that the previously introduced functions Io(Y) are non-
decreasing (in the sense of Lebowitz and Monroe®?), we find for zp <
122z, that

m m
@nsn = (ol T0y < (1)
i Za.2p 1 24.12234

< 122mz,d?*{1 + exp(121z,d%)/[exp(122z,d% — 1) — 1}
< 123z,md? (A.15)
The last inequality holds when
exp(121z,4d%)/[exp(1222,d%) —~ 1] < 1/122

which is satisfied for sufficiently high z,.
Finally, Eq. (A.1) implies

<nB>A,zA,zB < 1232Ad2<SB>A,ZA,28

APPENDIX B

In this appendix we give estimates for the chain correlation functions.
Suppose z > z, and A-boundary conditions. Write M (B(y)) for the set of
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all configurations of A4-B particles internal to ©(y) and having the chain v
as their outer contour. From any configuration n € .Z(®(y)) we obtain a
class of configurations as follows.

1. All 4 particles interior™®® to some outer contour belonging to vy
are changed into B particles and vice versa.

2. Let G(y) be the band consisting of all the small squares that have one
side or corner touching the outer contours belonging to y: A4 particles are
placed in an arbitrary manner in G(y). We write .# *(@(y)) for the collec-
tion of all configurations obtained by applying this transformation to con-
figurations in .#(&(y)). The following relation holds:

EO@W), z4,2)  E@, 2,4, 20) { f * gy’ X ]
~ ex — 8,242 — 1 24,2
SO0 2oz O 2z ey 2R T )

(B.1)

where E(B(y), z4, z5) [E¥(O(y), 24, z5) is the statistical sum over H(B(y))
[ A *(@(y))] and {np)s.., . [{nsyk., ] is the average number of B particles
in ®(y) in the ensemble defined by %(@(y)) /4 *(@(y))] with activities z4
and z'.

From Appendix A we see that

Vg0 S 123d%24|0)| (B.2)
where |&(y)| is the number of small squares in O(y).

Now calling ps(y) the probability of finding the chain y present, from
Ref. 12 we have

pa¥) < E@()/E*O@) (B.3)
We eventually get
pa(y) < expl—cly| + 123hz,d%|6(y)|] (B.4)

where |y| is the total length in units of d of the chain y and & = In(z5\z,),
‘w = z,d%/h.

Now let p ®(y1,..., vm) be the chain correlation function {see Eq. (3)
of section 1] in the restricted ensemble defined by (see Section 3). By a
simple extension of the arguments used before,*® we have

R ) (®.5)
1
where o’ = (1 — 123he).

APPENDIX C

In this appendix we evaluate the quantity p,®(y:,..., ¥y; £), namely the
joint probability density in the restricted ensemble of finding the chains
Y1... ¥y and a B particle in £, where ¢ is the generic point of a d-segment
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belonging to the interior boundary of the chain y, . (See Section 4.) Consider
the small square S, < O(y;) from the interior adjacent to the segment b
containing £.

Consider a rectangle ¢ 3 ¢ strictly contained in s,. Then

.1
PAE(Y1sees ¥os &) = 1M 7 pa®(y1 ey ¥o5 ©) (C.1)
& |€‘

where pp®(yy,..., vy; €) is the joint probability of having y,,...,», and a B
particle in . We have

PAR(}’I seres Vi €)

8 8
- | > 2@e ] 2@enz( AU, 80zw)| €
YiVvereny Ys

where the sum is over all the sets of compatible chains of area <¢* contain-
INZ P1sees Vo) ?.(@(yl)) is the partition function over those configurations
belonging to .#(B(y)) in which a B particle is contained in €; Eo(Q) is the
partition function of a free gas of A particles in the volume €.

Call ¢ the 114 x 11d square centered at the small square S, > . We
have

@0 < EGo\9=(@) (€3)

where E’(g) is the partition function over all 4-B configurations in g in
which at least one B particle is contained in e. i(@(yl)\q) is the partition
function over all 4-B configurations in B(y;)\(g N B(y,)) compatible with
the presence of y,. We have

E'(g) < zple| exp[121d%(z4 + zp)] (C4)

Moreover, using the transformation #(O(y))— A*B(y)) defined in
Appendix B, we obtain

¥ k4 ~ ~
=) > 2 AL, 86) - £ @00 1, 2@
1 2
Now taking into account that the total length of that part of the boundary

of O(y,) that is contained in ®(y,)\q is at least |y,| — |g]/d% by Eq. (B.5)
of Appendix B we have .

v
PAR(')’:L"'O Yvs e) < lG‘ZB EXP[IEIdz(ZA + ZB) + «'121 — o zi h”f!]
1

where ¢’ = ol — 123hc).
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APPENDIX D

In this appendix we prove that the relative weight P, of the configura-
tions in R is negligible at equilibrium. We may write

P, = ERA(A-: Z4s ZB) — ERA(As 245 ZB) ERA(AJ Z4, ZA) EB(A’ Z4s ZB)
" EAA, 24, Z5) ErU(A, 24, 24) EXA, 24, 2p) E4A, 24, Zp)
where the superscripts 4 and B label the boundary conditions in A and the

subscript R means that the partition function is evaluated in the restricted
ensemble. It is easily seen that

BB(A, 24, z5)/EH(A, 24, z5) < explr|OA|zg]
where |0A] is the perimeter of A. So, noting that
ERA(‘]&a ZA7 ZB) == ERB(“"\) Zy4, ZA) é EB(Aa ZAa ZA)

we have

2B dZ’
Py < explr|8A|z;] eXp[ f ~ )k nepe — <nB>B,A.zA,zr)]

24

with an obvious meaning to the symbols.

Now let {sz0p.a,2,..; De the expectation value of the number of small
squares occupied by B particles in A with B-boundary conditions; then,
from the FKG inequalities ** we have

<nB>B,A,zA,z’ = <nB>B,A,zA,zA = <SB>B,A,3A,3A
Following Ruelle,"® we see that for sufficiently large z,

<SB>B,A.2A,23/IA[ > 1/484 — ‘P(O‘)
where

_ {Bexp[3(4In3 — x)]}? . — z4d?

) = T expldin 3 = 0 ]

fora>4In3.
Moreover, from Appendix A we see that

<n8>§,A,zA,z‘ < 123ZAd2<SB>§,A,zA,z’ < ]23ZAd2<sB>§,A,zA,zB

where the last inequality follows from the FKG inequalities (see Appendix
A). We have for ¢’ = (1 — 123A¢)

SBDa, 200 S P(&)
We eventually obtain
Py, < explr|oA|z;
+ |AllIn(z5/z))(123d%2,49(c") + @lo) — 1/484)]
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So that when z is sufficiently large and «" > 4 In 3 we have

lim P, =0

A—>©
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